The superfluid drag-coefficient of a weakly interacting three-component Bose-Einstein condensate is computed on a square optical lattice deep into the superfluid phase, starting from a Bose-Hubbard model with component-conserving, on-site interactions and nearest-neighbor hopping. At the meanfield level, Rayleigh-Schrödinger perturbation theory is employed to provide an analytic expression for the drag density. In addition, the Hamiltonian is diagonalized numerically to compute the drag within mean-field theory at both zero and finite temperatures to all orders in inter-component interactions. Moreover, path integral Monte Carlo simulations, providing results beyond mean-field theory, have been performed to support the mean-field results. In the two-component case the drag increases monotonically with the magnitude of the inter-component interaction γAB between the two components A and B. The increase is independent of the sign of the inter-component interaction. This no longer holds when an additional third component C is included. Instead of increasing monotonically, the drag can either be strengthened or weakened depending on the details of the interaction strengths, for weak and moderately strong interactions. The general picture is that the drag-coefficient between component A and B is a non-monotonic function of the intercomponent interaction strength γAC between A and a third component C. For weak γAC compared to the direct interaction γAB between A and B, the drag-coefficient between A and B can decrease, contrary to what one naively would expect. When γAC is strong compared to γAB, the drag between A and B increases with increasing γAC , as one would naively expect. We attribute the subtle reduction of ρ d,AB with increasing γAC , which has no counterpart in the two-component case, to a renormalization of the inter-component scattering vertex γAB via intermediate excited states of the third condensate C. We briefly comment on how this generalizes to systems with more than three components.
I. INTRODUCTION
Following the experimental realization of BoseEinstein condensation (BEC) in 1995 [1, 2] , cold atomic gases have been intensely investigated both theoretically and experimentally. These systems are attractive to work with due to their high degree of tunability and absence of impurities, which are rare features of naturally occuring condensed matter systems. Magnetic and optical traps provide a high degree of control over the particles, and optical lattices with tunable depth and periodicity present an ideal arena for exploring a wide range of phenomena in condensed matter systems [3] . Especially intriguing is the possibility of introducing additional components in the system, leading to new dynamics and fascinating phenomena. Such multi-component systems can be produced in experiments by including different atoms, different isotopes of the same atom, or the same atom in different hyperfine states [4] [5] [6] [7] , and have been found to harbour rich physics. For a multi-component mixture of homo-nuclear atoms in different hyperfine states, the effects of strong spin-orbit coupling can be investigated by introducing a synthetic spin-orbit coupling by inducing transitions between the various hyperfine states [8] . A special case is when an entire hyperfine multiplet is present, making the internal degree of freedom an actual spin degree of freedom [7] . The focus of this paper will, however, be a general multi-component system in the absence of component-mixing interactions.
In addition to the Mott insulating phases, BECs residing on an optical lattice can also exhibit superfluid properties. Superfluidity is in its own right a fascinating phenomenon, being a macroscopic manifestation of quantum mechanics, but there is a wide variety of physics present. Of particular interest is the multi-component case where interaction between particles of different types produces a dissipationless drag between the superfluid densities associated with each component, the so-called Andreev-Bashkin effect [9] . This drag affects the superfluid mass flow of the components, leading, for instance, to a superflow of one component inducing a superflow of a different component. The effect was initially studied in the context of a mixture of superfluid He 4 and He 3 , but due to the low miscibility of such a mixture, this system has proven to be a poor candidate for investigating the drag [10] . In this day and age, however, the sort of multi-component superfluids that are needed to produce the effect are realizable in cold atom systems and are in fact routinely made. The importance of the superfluid drag is rooted in the fact that superfluid systems depend strongly on the formation and interaction of quantum vortices [11, 12] , which are considerably influenced by drag interactions [13] [14] [15] [16] . The presence of multiple components leads to a wider range of possible vortices, including drag-induced composite vortices, and significantly enriches the physics of topological phase transi-tions in superfluids as well as superconductors [13] [14] [15] [16] [17] .
For two-component Bose gases the microscopic origin of the drag interactions has been investigated in the weakly interacting limit, through mean-field theory, in both free space and on lattices [18] [19] [20] [21] . In addition, quantum Monte Carlo simulations have been performed to explore the system in both the weak and strongly coupled regimes [16, 22, 23] . The effect of a third component has, however, yet to be considered to any detailed degree. The objective of this paper is therefore to investigate such a three-component system and determine the dependence of the drag on the sign and strength of the inter-component interactions.
II. SUPERFLUID DRAG COEFFICIENTS
In Landau's theory for superfluids there are two components associated with the fluid: One component moves independently of its container at equilibrium and experiences no loss of energy, and the second "normal" component moves with the container due to friction along the walls [24] . The densities of the super and the normal components can be defined by considering a fluid inside an infinitely long cylinder, both of which are initially at rest. Providing the container with a small velocity -v s and changing to the frame in which the cylinder is at rest (moving with velocity v s relative to the initial frame) when equilibrium is reached will yield a mass current
This is the superfluid density that moves independently of the container. The normal density, which is once more at rest relative to the cylinder due to friction at the boundaries, is therefore defined as
where ρ is the total density of the fluid. The free energy density in the frame moving with the cylinder is the free energy of the system at rest F 0 plus the kinetic energy of the superfluid mass current,
This provides a way to compute the superfluid current,
and the superfluid density,
In two-component systems, i.e. two types of bosons, there can be two superfluid densities and a nondissipative drag between them. The free energy density with very small superfluid velocities now reads [9] 
where a finite normal velocity with density ρ nA + ρ nB is included. The drag effect is quantified by the superfluid drag density ρ d and can be found by
In the two-component case the superfluid mass current becomes
i.e. the superfluid mass current of one component can induce a co-directed (ρ d > 0) or a counter-directed (ρ d < 0) superfluid mass current of the other component.
The superfluid velocity is related to the phase of the order parameter, ψ 0α (r) = ψ α (r) = ψ 0α (r)e iΘα(r) through v sα = ∇Θ α /m α , and can be introduced by imposing twisted boundary conditions on the system [25] . This is done by adding the factor e ik0α·r to the field operator for component α, so that e −ik0α·rψ α (r) obeys the usual periodic boundary condition in all directions. Given this choice of phase twist the superfluid velocity is v sα = k 0α /m α , and the expression for the drag density becomes
In systems that are inhomogeneous, such as lattices, the drag density may depend on direction, and ρ d will instead be a 2-rank tensor [20] ,
where δ, δ are lattice directions, and k 0αδ = k 0α · δ. On the square lattice ρ δδ d = δ δ,δ ρ d , and the lattice vector can be aligned along the coordinate axes. The direction δ is therefore chosen to be along the x-axis and the superfluid drag density on the square lattice is found by
The generalization to three components is straight for-ward, and the free energy reads
There are now three superfluid drag densities quantifying the drag between each pair of boson components. The superfluid mass currents, densities, and drags can be found as before,
and similarly for the remaining currents and densities.
III. MEAN-FIELD MODEL
The starting point is the N -component Bose-Hubbard model for a system with nearest-neighbor hopping and on-site interactions,
where
The operators a † αi and a αi create and destroy bosons of type α at lattice site i. The index δ labels the offset from site i by a lattice vector δ. For nearest neighbor hopping the latter is just an offset by one lattice site along the x-or y-direction. The total number of lattice sites is N s and the lattice parameter is a, so that |δ| = a.
The BEC order parameter, ψ 0αi , and the operator describing fluctuations away from the condensate,φ αi , are introduced by defining
The phase twist k 0α is imposed on the order parameter, ψ 0αi = √ n 0α e ik0α·ri , where n 0α is identified as the condensate density of component α. The order parameter and the new lattice operator are inserted into the Hamiltonian and terms more than quadratic inφ αi neglected. The new operator is Fourier transformed with the twisted boundary conditions,
using that r i±δ = r i ± δ, and the relation
Forφ αi to have twisted boundary conditions the momentum k must follow the usual periodic boundary condition. The mean-field Hamiltonian becomes
where the first part contains the zeroth-order terms in the operators,
and the second the bilinear terms,
In this form the excitation spectrum will contain the chemical potential, and the condensate densities n 0α should be determined self-consistently by minimizing the free energy when µ α is given. However, µ α can be removed from the bilinear terms by using that the total number density of boson type α is
Inserting this into H 0 , once more neglecting terms that are more than quadratic in operators, gives the substitu-tion n 0α → n α in addition to extra bilinear terms. Using (25) on H 2 results in n 0α → n α . The two parts of the Hamiltonian are recast so that H 0 again only contains terms of zeroth order in operators, and H 2 is bilinear;
where the coefficients are
The equations (26)- (30) constitutes the mean-field model for the weakly interacting Bose gas with N components and twisted boundary conditions. In the following the superfluid drag density is re-derived in the twocomponent case, and then the effect of a third component on the drag considered.
IV. DRAG IN TWO-COMPONENT BEC
In the two-component case the boson components present are α, β = A, B. The energy spectrum, and hence the free energy, is known from the literature when the twist is zero [19] , but the additional terms f kα makes the Hamiltonian yield large and unwieldy eigenenergies. Fortunately, since f kα → 0 as k 0α → 0, as is done in the last step when computing the superfluid drag density, the path integral formulation of the partition function can be employed and expanded in powers of f kα .
In the coherent state basis the path integral formulation of the partition function reads [26] 
In H ({φ * λ , φ λ }) the Hamiltonian is normal ordered and the operators replaced by complex valued fields by the prescription b λ → φ λ and b † λ → φ * λ . To satisfy the bose statistics the fields are periodic in imaginary time, φ λ (τ ) = φ λ (τ + β), where β = 1/T . The set of quantum numbers {λ} are {k, α}.
Computing the path integral and expanding to second order in f kα , which is done in appendix A, yields
where Z 1 is the partition function due to the Hamiltonian when f kα = 0, which can be found by a general Bogoliubov tranformation into the diagonal basis c k± (see appendix B);
The energy spectrum is
The expansion in powers of f kα is contained in Z 2 . First order vanishes, and only the term proportional to f kA f kB in second order is non-zero during the differentiation in (11) and therefore of interest with regards to the drag. The free energy density is obtained by the usual relation
and is at T = 0
which finally yields the superfluid drag density in the two-component case at zero temperature as
This result agrees with the literature [19, 20] , and a few details are worth noting. The inter-component interaction strength γ AB only appears as γ 2 AB , so its sign does not matter. Both attractive and repulsive interactions between the two boson components yield the same positive superfluid drag density, meaning that the superfluid flow of one component induces a co-directed flow in the other, as seen from (8). The energy spectrum (35) can become imaginary in some parameter regions, which implies an instability of the system. The requirement that the two boson components can coexist in the BEC can be shown to be γ A γ B > γ 2 AB by demanding that the energy spectrum is real when n α > 0, or more precisely, when the expression inside the outer root of (35) is positive. The same criterion is obtained by minimizing H 0 with respect to n A and n B and demanding n α > 0.
V. DRAG IN THREE-COMPONENT BEC
In the three-component case, α, β = A, B, C, an exact analytic expression for the superfluid drag density cannot be obtained even at the mean-field level. However, the effect of a third component on the drag can be investigated analytically using inter-component interactions as a perturbation parameter. In this section, we first use Rayleigh-Schrödinger perturbation theory up to fourth order in the inter-component interaction terms (29) to find their contribution to the free energy, from which the drag is obtained by (11) , resulting in an analytic perturbative expression for the drag. Secondly, the Hamiltonian may be diagonalized numerically to all orders in inter-component interactions, from which the free energy and drag density may be computed numerically and compared with perturbative results. The former has the advantage of providing an analytic expression that can be inspected to find the qualitative behaviour of the drag between A and B due to C at zero temperatures, whereas the latter gives exact results within the weakly interacting mean-field model at both zero and finite temperatures. Finally, in the third part of this section, we compute the drag-coefficients using path integral quantum Monte Carlo simulations to compute the drag beyond mean-field theory, to substantiate the results found at the mean-field level.
A. Weak-Coupling Mean-Field Theory:
Perturbation Theory
In the Rayleigh-Schrödinger perturbation scheme the Hamiltonian is separated as in (27) , where the singlecomponent part is diagonalized exactly by performing the usual Bogoliubov transformation
on each component separately. Using the condition that the new operators must preserve the boson commutation relation,
results in the diagonal Hamiltonian for the singlecomponent terms
and
The term f kα , which is odd in k, is the only term that does not appear in the usual Bogoliubov transformation, but can be shown to transform as
since the transformation coefficients u kα and v kα are even in k and fulfill (40).
The inter-component interaction terms, i.e. the perturbation, in the new basis is
The notation αβ indicates that the sum is taken over all pairs of α and β, disregarding the order.
A criterion for the perturbation expansion to be useful is for the correction terms to be small compared to the energy levels,
This yields in the limit of small k 0α and k → 0 where the perturbation is expected to be worst,
which should hold for all pairs of the boson components present.
Computing the perturbations up to fourth order, given in appendix C, and differentiating according to (11) gives the perturbative expression for the superfluid drag density between boson components A and B
The superscript indicates in which order in the perturbation expansion the expression originates, and the superscript AB indicates that the drag is between the BEC components A and B. d,AB = 0, and the subscript AB is dropped to emphasize that there is only one drag-coefficient. (The exact two-component expression expanded to fourth order in the inter-component interaction between A and B yields the same result as above when the inter-component interactions between A and C, and B and C is set to zero). It can be seen that the perturbative expression yields the same qualitative behaviour and is fairly accurate at small inter-component interactions.
In the three-component case, the expansion (49) provides qualitative insight into how the third boson component C will affect the drag between A and B. The thirdorder contribution implies that the drag can be enhanced or diminished, depending on the combination of strengths and signs of the inter-component interaction. From (51) the condition for enhancing the drag is γ AB γ AC γ BC < 0, and diminishing it is γ AB γ AC γ BC > 0. However, this inequality is not precise due to fourth-order corrections. How the drag is influenced by introduction of the thirdorder contribution is displayed in figure FIG. 2 . The third component need, however, only couple to one of A and B to affect the drag between them, as seen from the fourth-order contribution (52). In this case the drag increases and does not depend on the sign of the interactions. Even when the interaction between A and B vanishes, γ AB = 0, the third component can mediate the drag between them, resulting in a positive ρ d,AB , as seen from the fourth-order contribution with U kAB = 0. Second-and third-order contributions vanish in this case. The perturbative expansion can be illustrated as ex-
The perturbation expansion (49) for the superfluid drag density is compared to the exact expression (38) in the two-component case, with Ns = 10 6 , a = 1, tα = 1, mα = 1, γα = γ = 1, and nα = 0.3, while varying the inter-component interaction λ = γAB/γ.
FIG. 2. An illustration of how the behaviour of the drag is shifted due to the introduction of the third-order contribution.
When γAB, γAC = 0 and γBC = 0 the drag originates from second-and fourth-order contributions and is parabolic with respect to γAC with the minimum at the origin. As γBC is turned on, the minimum is shifted down and to the side due to the third-order contribution, with direction depending on the sign of γBC . In the figure it is assumed that γAB > 0, but with γAB < 0 the direction of the sideways shift is reversed. In FIG. 4 the higher-order diagrams of FIG. 3 , which correspond to three-and four-body collisions, are drawn as an effective second-order "skeleton" term between components A and B. In this way, the drag is understood as arising from collision events where increasingly complicated interaction mechanisms, in which bosons of all components move in and out of the BEC in the intermediate states, are renormalized into effective two-component interactions. Note that, in the weak-coupling limit, the drag ρ d,AB is mainly determined by second-order collisions between particles of type A and B. As we have seen, there are important third-and fourth-order corrections to this involving collisions between three different types of particles. This phenomenon has no analog in a two-component Bose-Einstein condensate. For small γ AC /γ AB , the dominant correction to the second-order term (the latter being also present in the two-component case) is the cubic term involving all interactions γ AB , γ AC , γ BC , which does not have a definite sign. The third-order collision term explains the initial linear in γ AC /γ AB correction to ρ dAB , provided γ BC = 0. Eventually, as γ AC /γ AB increases, fourth order terms with a definite sign in the interactions (products of squares) will dominate.
This picture generalizes to systems with more than three distinct components of the condensate. For instance, in a four-component system there are 6 intercomponent interactions γ AB , γ AC , γ AD , γ BC , γ BD , γ CD . The expression for ρ d,AB therefore may be organized in a power series involving a quadratic term γ 2 AB , and leading order correction terms to his terms (60 in all) involving one factor of γ AB and two factors of the five other remaining interactions. In the numerical approach the energy spectrum is found numerically with f kα = 0 according to appendix B, from which the free energy is obtained by the usual relation. The superfluid drag is then computed by a finite difference approximation of (11). In the two-component case this approach reproduces the result of (38) exactly.
The result of the numerical approach at zero temperature, which is expected to be quantitatively correct within the weakly interacting superfluid regime in which mean-field theory is valid, is presented in FIG. 5 . Starting from the Bose-Hubbard Hamiltonian, the partition function can be expressed in the imaginary time path integral formalism, projecting the quantum system onto a (d + 1)-dimensional system described by classical configurations. The configurations consist of a set of worldlines that represent periodic particle trajectories in the extra dimension: imaginary time [27] . Average values can then be obtained through Monte Carlo sampling. The statistics of the worldlines are related to the superfluid density through the Pollock-Ceperley formula [28] , which in the single-component case takes the form
where W is the d-dimensional winding number vector, represents the average and L = (N s ) 1/d is the number of lattice sites per dimension. The winding number W i is a a topological quantity, for a system with periodic spatial boundary conditions, counting the net number of times the particle trajectories wind around the system in direction i. In the multicomponent case, following the derivation of [23] , the drag is given by
where W A is the winding number vector for particles of component A.
We present results obtained using the worm algorithm, which is well-suited for sampling configurations with different winding numbers [29, 30] . Values for the drag   FIG. 6 . The effect of a third component C on ρ d,AB is computed from mean-field theory (MF) and quantum Monte Carlo (QMC) simulations with T = 0.1, Ns = 100, a = 1, tα = 1, γα = γ = 1, mα = 1, nα = 0.3, and Ns = 100 with λ αβ ≡ γ αβ /γ.
for fixed particle numbers were achieved by tuning the chemical potentials to produce the desired average particle numbers. Comparison between results from Monte Carlo simulations and mean-field theory are displayed in FIG. 6 . The error bars have been obtained through bootstrapping [31] and include both the error in the nominator and the denominator. The quantum Monte Carlo simulations produced relative results in accordance with mean-field theory, but predicts the normalization value ρ d,AB (0, 0, 0.5) to be about 40% higher. The qualitative behavior obtained from mean-field theory is clearly supported by the Monte Carlo results.
VI. SUMMARY
In conclusion, we have computed the inter-component drag-coefficients of a three-component Bose-Einstein condensate in the weak-coupling limit, well into the superfluid phase. We find a non-monotonic inter-component drag as a function of the inter-component interaction coefficients. The results are obtained analytically as well as numerically from the mean-field free energy of the system, and the results are confirmed by largescale Monte Carlo simulations using the worm-algorithm. The non-monotonicity we find has no counterpart in the two-component case, where drag increases monotonically with increasing inter-component interaction, regardless of the sign of this inter-component interaction.
In the present case, the situation is considerably more complicated in the general case, but reduces to what we expect based on the two-component case if one of the inter-component interactions is absent. For large intercomponent interactions, the drag-coefficients are monotonically increasing functions of inter-component interactions, regardless of the sign of the interaction. However, for relatively small to intermediate inter-component interactions, the drag-coefficient between component A and B decreases as a function of the inter-component interaction between A and a third component C for a repulsive fixed inter-component interaction between B and C. The situation is reversed for an attractive inter-component interaction between B and C. The drag-coefficients are all positive throughout in this superfluid regime. Therefore, these results are quite different from the non-monotonic behavior one observes close to the Mott insulator transition, where drag-coefficients become negative due to strong correlations and backflow. We have identified the renormalization of the inter-component scattering vertex via a third-order term involving three different particles, one particle being a virtual excitation in the third condensate component as the origin of the nonmonotonicity of the inter-component drag. This thirdorder renormalization may endow the bare and renormalized inter-particle scattering vertex with different signs. Fourth-order terms, which always have a positive sign, will eventually dominate the third-order term, leading to the naively expected increase in drag with increasing inter-component interaction.
We attribute these corrections to the two-component results in the superfluid drag between two components to subtle three-body collisions which dominate four-body collisions at low values of γ AC /γ AB . These three-body corrections have no counterpart in two-component BECs. They are determined by the factor γ AB γ BC γ AC which may be positive or negative, depending on the sign of the interactions. In contrast, the second-order collision term determining ρ d,AB is determined by γ 2 AB and always gives an increasing drag as a function of inter-component interaction. In principle, three-component BECs well into the superfluid phase therefore form a laboratory for investigating particle-interactions beyond standard pairwise interactions.
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where S 0 are the terms that do not depend on the fields, and
This yields the partition function
which is a product of Gaussian integrals. The primed product indicates that only half the k-space and n > 0 are considered. Performing the integrals gives
To find the contribution from the terms f kα , the matrix is separated into two pieces M kn = A kn + B k , where B k is the diagonal matrix with f kα as elements, and A kn the remainder of M kn . The partition function is then expanded in powers of B k ,
where the power series representation of the natural log-
n , has been used to second order. The partition function becomes
Part (i), Z 1 , is the expression for the partition function with f kα = 0 and is solved by a general Bogoliubov transformation (see appendix B), while part (ii), Z 2 , is the correction factor due to f kα to second order. The first trace of Z 2 vanishes, whereas the second trace is given by
Moving the product over n inside the exponential, a Matsubara sum of the frequencies ω n = 2πn/β for n = {0, 1, 2, ...} is obtained. Writing out the partial fraction gives
which has two kinds of sums; one over (n 2 + a 2 ) −1 and (n 2 + a 2 ) −2 , both of which can be computed using the identity [34] 
The first is found by adding 1/2a to (A12);
The second is found by differentiating (A13) with respect to a and rewriting;
The Matsubara sum is therefore
In the zero temperature limit, β → ∞, the contribution of Z 2 to the free energy density reduces to
.
Both of the above yields the matrix A k on the form
with
for two-components, and
for three-components. The transformation into the diagonal basis c ki must preserve the boson commutation relations, which in terms of Φ k reads
where J = diag(1, 1, −1, −1). Thus, to find the bosonic energy spectrum the matrix A k J is diagonalized to yield D k J , where D k = diag(E k1 , ...E kn , E k1 , ..., E kn ) with the energies E ki and n either 4 or 6 for two or three components, respectively. Note that the diagonalization yields the energies of k and −k simultaneously, e.g. E k1 = E −k3 . E k2 = E −k4 , c k1 = c −k3 , and c k2 = c −k4 in the twocomponent case. Furthermore, since A k is in block diagonal form only the diagonalization of N k J needs to be considered. This yields (24) in the diagonal basis
Appendix C: Rayleigh-Schrödinger Perturbation Theory
In Rayleigh-Schrödinger perturbation theory, when the Hamiltonian has been separated into an exactly solvable part H sol and a perturbation H pert , the system energy and the state are expanded in a smallness parameter λ,
where the terms E (i) and |Ψ (i) are of order λ i . The zeroth order states and energies are those of the exactly solvable system, while the higher orders are corrections. To find the expressions for the corrections. the Schrödinger equation is solved recursively in a standard manner using the above expansion, see for instance [37] . In order to compute the drag-coefficients, obtaining the corrections to the energy will suffice. To first, second, third, and fourth order we find
insertions between each sample. The normalization data point was obtained using µ A = −3.6053, µ B = −3.6068, µ C = −3.7468 producing n A = 0.301, n B = 0.297 and n C = 0.300. 
